Using the Dirac-Hartree-Fock-Bogoliubov approximation to study nuclear pairing, we have found the short-range correlations of the Dirac 1 S 0 pairing fields to be essentially identical to those of the two-nucleon virtual state at all values of the baryon density. We make use of this fact to develop a relativistic separable potential that correctly describes the pairing fields.
I. INTRODUCTION
We have recently studied nuclear pairing in meson-exchange models of the nuclear interaction using a Dirac-Hartree-Fock-Bogoliubov (DHFB) approximation to nuclear matter [1, 2] . An important conclusion of this study is that the short-range 1 S 0 pairing correlations in nuclear matter are essentially identical to the short-range correlations of the two-nucleon virtual state, due to the dominance of the virtual state in the 1 S 0 channel. In non-relativistic calculations, Khodel, Khodel and Clark [3] also noted a close similarity between the pairing gap function and the short-range vertex function of the virtual state [4] , which prompted them to suggest that the virtual state be used as the starting point in calculating the gap function. In our relativistic calculations, however, the similarity of the Dirac pairing fields and the vertex functions is so striking that we can claim that the two are essentially identical.
We make use of this quasi-identity to develop a separable approximation to the relativistic pairing potential that correctly takes into account the high momentum contributions of the short-range two-nucleon correlations.
Another indication that a separable potential can describe nuclear pairing correlations comes from the usual assumption of a constant pairing gap in finite nucleus calculations. The analysis of the HFB equations in the zero-range limit of the two-nucleon interaction shows that the separable potential approximation becomes an exact formulation of the pairing problem in the zero-range limit as the pairing potential then becomes independent of the baryon momentum. The pairing field also become independent of the baryon momentum and vary only with respect to the baryon density of the nuclear matter, which is equivalent to a constant pairing gap assumption. Thus, the separable potential approximation for the pairing field can be seen as the simplest extension, to finite-range two-nucleon interactions and all baryon densities, of the zero-range limit of the HFB-equations. It gives the simplest improvement to the usual assumption of a constant pairing gap.
The aim of this paper is to present a rank-one, separable interaction that accurately describes the DHFB pairing field at all densities. In section II, we clarify the close relationship between the pairing field and the two-nucleon 1 S 0 virtual state vertex function and use this relationship to define the separable interaction. In Section III, we demonstrate the goodness of the separable interaction through comparisons with exact DHFB calculations of nuclear matter.
II. THE FORMALISM
The bound-state correlations in a two-particle system can be roughly classified as asymptotic ones and short-range ones. The asymptotic correlations are determined principally by the binding energy, while the short-range ones depend on the high-momentum components of the wave function. This can be seen by examining the manner in which a bound pair appears in the two-body T-matrix, T (E). The T-matrix satisfies the integral equation
where V is the two-body interaction and G 0 (E) the free two-body propagator. A bound state corresponds to a pole in the T-matrix at a negative value of the energy, −ǫ b . We can decompose the T-matrix, in this case, as
where Γ is the bound-state vertex function and T c (E) is the continuum component of the T-matrix (and, possibly, the contributions of other bound state poles). Substituting the decomposition in the integral equation, Eq. (1), we verify that the vertex function satisfies the equation
The vertex function of the two-nucleon bound state is closely related to its wave function,
where H 0 is the Hamiltonian of the free two-nucleon system.
Here we see the rough division of the two-nucleon correlations in the vacuum. The propagator F in the complex energy plane [2, 5] . However, we will not develop this association here.)
In the Dirac-Hartree-Fock-Bogoliubov (DHFB) approximation to pairing in nuclear matter, the self-consistency equation for the pairing field can be written as [1, 2] The anomalous propagator F (q) in the self-consistency equation, Eq. (5), is one of the number-non-conserving components of the baryon propagator S F (q), which, in the Gorkov formalism, takes the form
in which G(q) is the usual number-conserving propagator and F (q) and G(q) are the corresponding time-reversed propagators. The baryon propagator S F (q) can be written in terms of the self-energy and pairing fields, Σ(q) and ∆(q), respectively, as
where µ is a Lagrange multiplier used to fix the average baryon density.
The form of the 1 S 0 pairing field can be determined from the hermiticity and antisymmetry properties of the Lagrangian density, as well as the translational, rotational and isospin symmetries of symmetric nuclear matter, as is shown in Ref. [1] . The general form obtained for the field is
where k = (k 0 , k) is the baryon 4-momentum,k = k/| k| and the isospin orientationn is arbitrary. We note that τ ·n = τ 2 corresponds to the standard case of proton-proton and neutron-neutron pairing.
We can decompose the self-consistency equation for the pairing field, Eq. (5), into equations for the components of Eq. (8) . After integrating over energy and angle and neglecting retardation effects, the component equations take the form,
where k = | k| and q = | q|. The pairing potentials, V S , V 0 and V T (given in the Appendix), are functions of the coupling constants and meson masses, while Λ is a cutoff in the baryon momentum. The Fermi momentum k F is defined through its conventional relation to the baryon density, that is,
2 , where γ is 2 for nuclear matter and 1 for neutron matter. The components of the anomalous propagator are defined as
These are evaluated in the Appendix in the case in which their negative-energy Dirac sea contributions are neglected.
The components of the anomalous propagator, F S , F 0 and F T carry the information of the density-dependent nucleon self-energy and pairing mean-fields. The pairing potentials V S , V 0 and V T also possess a density dependence associated with the retardation terms, which account for the finite meson propagation velocity. In Eqs.(9), these retardation terms are neglected since their effects on the pairing fields have been found to be small [1] . The density dependence remaining in the self-consistent pairing equations, Eqs. (9), is thus entirely contained in the components of the anomalous propagator.
When the baryon density ρ B tends to zero, both the self-energy Σ(q) and the pairing field ∆(q) also tend to zero. The anomalous propagator F (q) can then be well approximated by
an approximation that becomes exact at zero density. The vacuum limit of the pairing field thus satisfies the homogeneous equation
Turning now to the Bethe-Salpeter equation, we write the bound-state vertex function as Γ(k, P ), where P is the center-of-mass four momentum of the baryon pair and k is their relative four momentum. The Bethe-Salpeter equation for the vertex function, in the ladder approximation, is often written as
where the free baryon propagator G 0 (q) is given by
We can rewrite this in a matrix form, making use of the matrix B, as
Comparing this expression with the self-consistency equation for the vacuum pairing field, Eq. (12), we find the two are identical if we
• evaluate the vertex function in the center-of-mass frame, taking
where µ is the Lagrange multiplier of the Gorkov propagator S F (q) of Eq. (7), and
• associate the pairing field and the vertex function as
where we now suppress the center-of-mass dependence of the vertex function.
We thus conclude that the self-consistency equation for the vacuum pairing field is identical to the ladder approximation to the Bethe-Salpeter equation in the center-of-mass frame.
An analysis of the symmetry and antisymmetry properties that we expect of the centerof-mass Bethe-Salpeter vertex function, Γ(k), leads us to the following form,
which is identical to that of the pairing field ∆(k) given in Eq. (8 
where k = | k| , q = | q|, Λ is a cutoff in the baryon momentum, and 
where M v is the mass of the two-nucleon virtual state,
The equations for the components of the vertex-function then become 
where d(k F ) is a density-dependent factor determining the overall magnitude of the pairing fields.
We emphasize that, in the nonrelativistic approach of Khodel, Khodel and Clark, the virtual state vertex function serves only as a good starting point for calculating the pairing field [3] , while in our relativistic approach, the two are essentially identical in form. We can explain the difference between the two approaches by analyzing the effective gap function for the positive energy DHFB states, which takes the form of the form of the relativistic pairing field thus does not carry over to the nonrelativistic field.
The invariant momentum dependence of the components of the pairing fields suggests a separable form for an effective potential, in which each of the components of the interaction, function [3] . Here, we use a form appropriate for the components of the relativistic pairing field that also preserves the symmetry in the two momenta, k and q, of the potential, taking
where the potential strengths, λ S , λ 0 , and λ T , are obtained through the simultaneous solution of Eqs. (19) and (25), in the case of a bound state, or Eqs. (21) and (25) at an arbitrary, and possibly convenient, value, and then solve for the others.
The only task remaining to complete the definition of the separable pairing potential is to extend the potential, which we have defined in the vacuum, to finite values of the baryon density. This is done by observing that, as the retardation terms in the pairing potentials have been neglected, the dependence of the pairing field on the baryon density is completely determined by the density dependence of the components of the anomalous density, F S , F 0 and F T , in Eq.(9). Consequently, the separable pairing potential for finite baryon densities must be the same as the potential in the vacuum. The self-consistency equations for the components of the pairing field are thus given by Eqs. (9) and (25), with the parameters λ S , λ 0 , and Λ (and, eventually, λ T as well) fixed by the vacuum solution.
III. RESULTS AND CONCLUSION
We have compared calculations of the pairing fields obtained using a separable interaction with the usual DHFB results for various sets of σ − ω interaction parameters. The relativistic separable potential describes well both the gap parameter, ∆ g , and the two large components, ∆ 0 and ∆ s , at all baryon densities. It also reproduces the behavior of the pairing field ∆ for increasing values of the momentum cut-off Λ in the self-consistency equations.
In Fig. 2 we show the particular results for the σ − ω interaction of Bouyssy et.al. [7] , for a cut-off of Λ = 3.8 fm −1 , obtained by adjusting the virtual state energy to its physical value.
This potential has been chosen because its vacuum gap function, which is the nonrelativistic two-nucleon vertex function, is in good agreement with the nonrelativistic two-nucleon vertex function calculated with the Bonn-B potential [8] . We note a difference of at most a few percent between the components of the relativistic fields obtained in exact and separable In Ref. [2] , a strong correlation between the magnitude of the pairing gap and the energy of the two-nucleon virtual state was observed in all the meson potentials studied there. The correlation is reproduced, for all values of the cut-off, when using the corresponding separable potential. In Fig. 4 , we compare the correlation for the gap parameter, ∆ g , obtained with the separable interaction with the exact result, using the σ − ω parameters of Ref. [7] . The agreement between the two is excellent, confirming once again the goodness of the separable approximation to the pairing interaction.
We thus conclude that a separable interaction obtained by exploiting the close relationship between the Dirac pairing field and the virtual state vertex function furnishes an excellent description of the Dirac pairing fields at all values of the baryon density. We next plan to implement a configuration-space version of the separable interaction in a DHFB code for finite nuclei calculations. We expect that such a potential will describe the short-range pairing correlations with greater accuracy than those obtained with the usual constant gap assumption.
APPENDIX: THE ANOMALOUS PROPAGATOR AND THE PAIRING

POTENTIAL
The functions F S , F 0 and F T in Eq.(6) are given by [1] ,
and
where the asterisk indicates complex conjugation and k = | k|. The quantity ω − is
where
The effective momentum and mass of the baryons, k ⋆ and M ⋆ , are given in terms of the components of the nucleon self-energy,
as,
The Fermi energy is
where µ is the chemical potential.
The pairing potentials that take into account the exchange of the mesons σ and ω are given by
Here a indicates the mesons of the model, with a = σ, ω.
In the limit of zero baryon density, we have
where E k = √ k 2 + M 2 . The components of the pairing field tend to zero. The zero baryon density limit of the pairing self-consistency equations are then of the two-nucleon virtual state from exact and separable DHFB calculations, using the σ − ω parameters of Ref. [7] , are shown. The positive and negative values of the abscissa correspond to bound and virtual two-nucleon states, respectively.
